
6.3 0.3

-11×1 x2 sin 1¥) ex
'
and dim ✗2=0

✗→o

By Sandwich -1hm , dim f-1×7=0 .

✗→ 0

Also , ¥7,91M =¥z ✗2=0 .

f- 1×7

91×1
= sin f- .

Claim : lim 5m¥ DNE .

✗→ 0

Proof : Let an=¥ & bn=¥+±, . Note that an , bnto and an ,bn→o

as n→oo . However ,

dim Sinan = dim sintnn) = 0
n→oo n→oo

dim sinbtn = limsinltRn-1111--1=10
n→ox n→oo

i. him 5m¥ DIVE by the sequential criterion.
✗→ o



6-3 0.14

(The equality holds only when c> 0 . Cte . The question is missing
this assumption .)
when c> 0 , et te , by L' Hitpital 's Rule ,

dim X
'
- ex

✗→c ✗
✗
- cc

= Lim e
""
- exlne

✗→c exlnx - cc

= dim f- e
""

- Inc . exlnc
✗→c llnx -1 1) e✗dn×

=
eclnc - Inc . eclnc

Anc + 1) educ

= I - Inc
Inc -11



b-4 Qit

Let f-1×1=11-1×1
'"
, ✗ > -1 .

f-
'

1×1=13-11-1×1
-%

f-
"

1×7=431.1-231.11-1×1
-%= -4-11-1×1

-%

f-101=1 , f-
'101=13 , ¥91 = - to

i. It } ✗ - lqx
'
is the 2nd order Taylor 's polynomial of f- at 0 .

f-B' 1×1=1-{4.1-5} ) 11-1×58/3=19--11-1×1
-%

By the Taylor 's remainder -1hm , there exists some c between 0 I ✗

Sit . 11-1×1%-11 -1 Jx - tqxy =
fl" 14×3
3 !

= § ( Itc)
-%
✗
3

When ✗ > 0 , c> 0 .

i. 11-1×1%-11-113×-1-9×4 = 18-111-1 c)
-%

✗31

f § ✗
3

When ✗ = 0.2 ,

⇐ ~~ It § ✗ 0.2 - tq ✗ 0.22 = 239
225

Errors ¥10.24T 4.94×10-4



When 21=1 ,

352 I / +§ -1g = 1g
Error £8T



b-4 Q . 8

flmlx) = ex

For each fixed ✗ , xo ,
the remainder term is given by

Rnlx) = 1-"%)
. /✗ - a)

n-11

In-111 !

=
ecnlx - ✗e)

n-11

for some Cn between ✗ & Xo .

In -11) !

WLOG ,
✗ 4×0 .

By -1hm 3.2.11 , it suffices to show that L : -- dim Rn-111×1

n→oe Rn 1×1
exists & 1<1 .

ecnlx- ✗Dnt
?

Rntilxl

Rn 1×1
=

In-14 !

ecnti / ✗ - ×,)n-11
f e
"- "I /X- ✗of

h-12

In -11) !

Note that him eh-✗01 .

H- ✗ol =p
n→x m-12

By Sandwich -1hm ,

i. L = dim IRN"""
= 0<1

n→oe1Rn 1×11

⇒ dim Rnlxl = 0 by -1hm 3.2.11 .
✗→a



b. 4 Q. 12

Let fix = sin ✗ , ✗ c- [0117 ⇒ to)=o

fix = cos ✗ ⇒ flo)=1

f-
"

1×1 = - sinx ⇒ f 01=0

f- "11×7 = - cosy ⇒ f
'

07=-1-6
f- 1411×1 = sinx ⇒ f"¥¥=o
f- 1511×1 = cosx ⇒ f% = to
f-
'"
1×1 = -sinx ⇒ 1-1%1,01=0

i. ✗- ¥ + ¥-0 is the 6th order Taylor 's polynomial at 0 .

f- 1711×3 = - cosx

For each ✗ it c between 0 & ✗ sit .

sinx - Ix - ¥ -11¥> = f'¥, ✗
7-
=

- lose
✗
7

5040

If ✗ = 0 , the estimate is trivial .

If ✗ 1--0 , c -40 .
Then loose 1<1 .

i. sinx - Ix - ¥ -1¥> =/ ✗+1 <¥.



6.4 Q. 16

By def . ,

f-
"

(a) = dim f-
'

lath) - f
'

(a)

h→o h

V-E > 0 , If > o sit . when 0<1 hlcf , I f
'

lath) - flat
- f-

"

(a) < e.
h

Replacing h by -h , we get 1
Fla) - f

'

ta-H
- f

"

(a) < e.
h

i. dim flat - flat) = f " /a)
h→o h

By L' tlopital 's Rule ,

limflath) -2fta) + flats)
h→o h2

= dim f-
'

lath) - f
'

/ a-h) ( L' tlopital)
h→o 2h

=ftp.lz/fTa+h1-fTa1tfTa)-fla-hyh--1zlf''

(a) 1- f-
"

tall

= f-
"

(a)

Let f- 1×1=4×1 , ✗EH , 1) , a=o . Rewrite

f- 1×1 = { ×! ✗ E -10,1)- ×
'

, ✗ c- 1-110)
Iimflhl - flo) = dim h

'
-0

h→ot h h-sot h
= °

dim flh) -ftp.lim-hd-oh-o-hh→o h
= 0



i. ftp.dimflhl-fl" exists and is equal to 0 .

h→o h

dim f-
'

1h) - f-
'

10) =D ;m 2h -0
h→ot h not h

= 2

dimf 'M) - f-
'

101=1 .im -2h -0
h→t h h→o h

= -21=2

Then f-" lol = dim -14h)
- f' 101 DNE .

h→o h

However ,

dim flath) -2fta) tfla- h)
h→o h'

= dimhlhl - hlhl
h→o h2

=D


